Perturbed equations for an arbitrary metric theory of gravity in D dimensions are constructed in the vacuum of this theory. The nonlinear part together with matter fields are a source for the linear part and are treated as a total energy-momentum tensor. A generalized family of conserved currents expressed through divergences of anti-symmetrical tensor densities (superpotentials) linear in perturbations is constructed. The new family generalizes the Deser and Tekin currents and superpotentials in quadratic curvature gravity theories generating Killing charges in dS and AdS vacua. As an example, the mass of the D-dimensional Schwarzschild black hole in an effective AdS spacetime (a solution in the Einstein-Gauss-Bonnet theory) is examined.
In the recent series of the current works [1] - [3] Deser and Tekin develop a construction of conserved charges for perturbations about vacua in quadratic gravity theories in D dimensions. They apply the Abbott and Deser [4] procedure for description of energy of perturbations in de Sitter (dS) and Anti-de Sitter (AdS) vacua of cosmological Einstein theory. The perturbed gravitational equations are presented and transformed as follows. The l.h.s. of the equations is linear in metric perturbations and differentially conserved with respect to the background vacuum. The r.h.s. presents a total, for both metric perturbations and matter sources, symmetrical energy-momentum tensor. Further the perturbed equations are contracted with a Killing vector of the background and are transformed into the form where a total conserved current is expressed through a divergence of an anti-symmetrical tensor density (superpotential). This allows to describe a Killing charge in a form of a surface integral. In [1] , quadratic models are studied for D = 4. In [2] , the energy is defined and calculated in quadratic curvature gravity theories in arbitrary dimensions. Among these theories Deser and Tekin study the string-inspired Einstein-Gauss-Bonnet (EGB) model in detail. In [3] , for D = 3 the conserved charges in the context of topologically massive gravity are defined and examined.
The aim of the present letter is to suggest an approach, which generalizes the Deser and Tekin (DT) constructions. Such generalizations can be useful for the modern intensive development of models with branes and their impressive variety (see, e.g., review [6] ). Besides, our approach makes it possible to consider all the DT expressions from an unique point of view in a more simple and clear light. With regard to the brane models, the EGB gravity in D > 4 dimensions has a special and significant interest (see, e.g., reviews [7, 8] ). Namely, in the framework of the EGB gravity the DT charges are reformulated in the Hamiltonian description [5] ; conservation laws for perturbations are constructed using the canonical Noether procedure [9] - [11] . Therefore we construct conserved charges in arbitrary metric theories of gravity in D dimensions and on arbitrary curved vacuum backgrounds. Then we apply the general approach to describe conserved charges on AdS backgrounds in EGB gravity. As an illustration we present the mass of the Schwarzschild EBG-AdS black hole calculated using our approach. We compare also our formulae with the related DT results [2] . Finally, we discuss the differences that can appear due to different definitions of metrical perturbations.
We shall follow the approach developed in [12] for constructing perturbed theories. Let the system of fields, set of tensor densities Q A , be described by the Lagrangian L(Q) with arbitrary, but finite order of derivatives of Q A . The corresponding field equations are δL/δQ A = 0. Let us decompose Q A onto the background (fixed) Q A part, denoted by barred symbols, and the dynamic (perturbed) q A part:
The background fields satisfy the background equations δL/δQ A = 0 with L = L(Q). The perturbed system is now described by the Lagrangian
instead of the original Lagrangian L(Q). The background equations should not be taken into account before variation of L pert with respect to Q A . Using the evident property δL/δQ A = δL/δq A , the equations of motion related to the Lagrangian (1) are presented as
It is clear that they are equivalent to the equations δL/δQ A = 0 if the background equations δL/δQ A = 0 are taken into account. Defining the "background current"
and combining this expression with (2) one obtains another form for equation (2):
The l.h.s. in (4) is a linear perturbation of the expression δL/δQ A . Now we assume that the theory of the fields Q A is an arbitrary metric theory of gravity with sources
Assume also that the background is presented by a vacuum of this theory, when Q A = {g µν } with Φ B = 0. Thus only the decomposition g µν = g µν + h µν has to be used. Below we demonstrate that conserved charges of the system and their properties can be obtained and described analyzing only the terms of the type L 1 ≡ h αβ (δL/δg αβ ), which corresponds to the subtracted second term in the Lagrangian (1) . As an important case we consider explicitly only such theories where L 1 has derivatives not higher than of second order, like the EGB gravity. In principle our results can be repeated when L 1 has derivatives of higher orders. Thus, the equation (4) is rewritten as δL 1 /δg µν = −τ µν h,Φ or in a more convenient form
with the standard definition:
δL pert /δg µν for the symmetrical energy-momentum tensor. Keeping in mind that L 1 is the scalar density we follow the standard technique of constructing covariant differential conservation laws [13, 14] . The identity
where the vector fields ξ α are arbitrary, transforms to the identity:
Lie derivatives are defined as
the background metric g µν rises and lowers all the indexes and defines the covariant derivatives ∇ µ . After taking into account the background equations and using the Killing vectors ξ α , for which £ ξ g ρσ ≡ −2∇ (ρ ξ σ) = 0, the identity (6) transforms to
and the equations (5) give ∇ µ T µν h,Φ = 0 repeating in another form the results from [1, 2] . Because equation (6) is an identity, the expression (7) must be representable as a divergence of an antisymmetrical tensor density (superpotential) I µν , for which
(we use the sign convention of [15] ). The general expression for superpotentials initiated by the Noether procedure applied to Lagrangians with derivatives up to a second order and with a background metric included as an external metric was obtained in [15] . Quadratic gravity is an example of such a theory. Thus,
with the notation
. Now let us adopt the expression (9) to the Lagrangian L 1 . We set g µν → g µν and construct the coefficients (10) with
Then we go back to g µν → g µν and obtain simple expressions
Substituting these into (9) we can define the superpotential I µν . Using the background equations and the field equations (5), the equations (6) and (7) define the current, J µ → I µ , which is conserved differentially:
Besides, for this current one can write an equality: −I µ = ∂ ν I µν , from which (12) follows directly. Thus, the differential conservation law (12) allows us to construct the conserved charges:
where Σ is a spatial (D − 1) hypersurface x 0 = const and ∂Σ is its (D − 2) dimensional boundary. The conservation law (12) and the charges (14) were constructed for arbitrary vectors ξ µ , not only for the Killing ones. This can be useful and important. Thus, in [16] , the conservation laws of the type −I µ = ∂ ν I µν with conformal Killing vectors (not only with Killing ones) of the Friedmann-Robertson-Walker spacetime are used for constructing so-called integral constraints for cosmological perturbations. Also, in [16] , the use of other non-Killing vectors is discussed, possibilities of interpretation of corresponding conservation laws and charges are given with related references. For the Killing vectors ξ ν = ξ ν the quantities (14) are called as Killing charges. For ξ ν = ξ ν the definition (13) gives − I 0 (ξ) = √ −gT 0ν h,Φ ξ ν (compare with [2] ), whereas the form of I µν (ξ) is the same as of I µν (ξ). Note that charge scales can always be absorbed by Killing scaling, that is for Q(ξ) from (14) CQ(ξ) is also a Killing charge with C constant [17] . Now let us apply the presented approach to the EGB gravity. The action of the Einstein theory with a bare cosmological term Λ 0 corrected by the Gauss-Bonnet term is
where κ = 2Ω D−2 G D > 0 and γ > 0; G D is the D-dimension Newton's constant. Because the DT analysis [2] was restricted to Λ 0 = 0, we note that we consider a more general situation. The equations of motion that follow from (15) are
where τ µν m is the symmetrical matter energy-momentum tensor. In the vacuum case, AdS background is a solution of the equations (16) . Then equations (16) are transformed into
The effective cosmological constant (see [2] ):
is the solution of the equation
] is defined only by the Gauss-Bonnet term.
Let us turn to the equations (5) in the framework of the EGB theory. We set L = L EGB and obtain
i.e. the perturbed (with respect to the vacuum AdS solution) the equations (16) . On the l.h.s. of (20) 2G
where
, where E αβ is the barred expression (16) . On the r.h.s. of (20) 
The substitution of the quantities (22) into the expression (9) gives the superpotential related to the general EGB case:
It is expressed through the Abbott-Deser superpotential in the Einstein theory [2, 4] , I 
To compare the derivation of perturbations on AdS backgrounds in (20) - (24) with the DT presentation in [2] one has to set Λ 0 = 0. Then (20) and (24) with the upper sign, "−", coincide with corresponding expressions in [2] . The lower sign, "+", in (20) and (24) corresponds to the case of the Einstein theory. We consider both branches together, "+" and "−", as an unique expression in the frame of the EGB theory. Thus, even for Λ 0 = 0 the picture (20) - (24) generalizes the DT results [2] . Continuing the comparison, we accent also that the united scheme gives a simple way for constructing superpotentials without cumbersome calculations in linear expressions contracted with Killing vectors.
Let us examine the presented results considering the Schwarzschild-AdS solution [2, 18] :
rr . In linear approximation (26) gives
Thus for "±" in (19) we have "∓" in perturbations
with respect to AdS background with Λ ef f . For all the cases of perturbations in (28), the formula (24) with the time-like vector ξ µ = (−1, 0) gives the total conserved energy of the Schwarzschild-AdS solution:
which is the standard accepted result (see [2, 10] and references therein). We note that recently Deser with co-authors have reached similar conclusions [17] . Let us discuss the case Λ 0 = 0. The form of perturbations (28) is reduced to h 00 ≈ h rr ≈ ∓ (r 0 /r)
where "+" corresponds to asymptotically Schwarzschild solution on a flat background, not on AdS one. Then, at first sight it seems that the formulae of pure Einstein theory, like Abbott-Deser superpotential or an ADM analog [2, 4] , can be used. However, by including in the action, right from the beginning, a bare cosmological term Λ 0 , we arrive at an unique expression for the mass of EGB black hole (29), valid for both branches, "+" and "−" signs in (26), and for Λ 0 = 0 or Λ 0 = 0. In order to get (29) there is therefore no need to use, as Deser and Tekin in the work [2] do when Λ 0 = 0, two different formulae: the standard ADM formula derived in Einstein's theory for the "−" sign in (26) and another one derived in EGB theory for the "+" sign. As a concluding remark it is important to discuss the following generalization. It is possible to use different definitions for the metric perturbations, like
αβ ≡ h a (∂g αβ /∂g a ) are defined. With taking into account the background equations, the forms of expressions in equations (5), (11) and, consequently, in the surface integral (14) are not changed. Only h αβ is changed by h (a) αβ . However, for different h a the quantities h (a) αβ differ one from another beginning from the second order. Clearly, these differences appear on the l.h.s. of (5) and, respectively, in energy-momentum tensors on the r.h.s. of (5), which was noted for the first in [19] for perturbations in GR on Minkowski background. Of course, such differences appear in superpotentials, which are linear in h αβ (see also a discussion in [20] ). In the Einstein gravity with D = 4, GR, all the superpotentials of the above general family on arbitrary vacuum backgrounds have the form of the Abbott-Deser superpotential [4] by changing only h αβ with h (a) αβ , and ξ α with ξ α . Superpotentials of this family also differ from each other starting from the second order for different h a . This becomes important for calculations at null infinity as was analyzed by Bondi, van der Burg and Metzner [21] . As a confirmation, it was shown in [16] that the Bondi-Sachs momentum calculated with the use of the Abbott-Deser type superpotential is correct if the perturbations l µν = √ −gg µν − √ −gg µν are used, and not h µν = g µν − g µν as in the original Abbott-Deser superpotential [4] . Besides, in [16] , a generalized Belinfante procedure was applied to the canonical conserved quantities in GR [22] . The resulting superpotential is independent of a choice of g a , and at the same time it coincides only with the superpotential of the Abbott-Deser type constructed with l µν , see [20] . Thus, in GR the use of the Abbott-Deser type superpotential with l µν is more preferable. However, in arbitrary gravitation theories, say in D = 4 dimensions on the AdS backgrounds, we do not know a test model or a theoretical examination for a choice of perturbations h a . For example, an arbitrary choice h a for the solution (25) leads to the same result (29) because only the linear order is crucial. Thus, all the possibilities of the generalized family of superpotentials constructed with h (a) αβ could be interesting for future studies.
